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$1. INTRODUCTIOS 
IN HIS classic paper on the dunce hat [4], E. C. Zeeman conjectured that, for any tame 
embedding of the dunce hat D in S’, S4 - D is contractible. In this paper, we show how to 
obtain a class of groups, each of which can be obtained as the fundamental group of the 
complement of a dunce hat in S4. Then we give an example of a non-trivial group which can 
be obtained in this manner. Thus our example gives an embedding of the dunce hat in S4 
with non-simply connected complement, giving a negative answer to Zeeman’s conjecture. 
92. DEFINITIONS AND NOTATION 
Iffis a map between topological spaces, M(f) will denote the mapping cylinder off. 
/will denote the closed interval [0, 11. If M is a manifold then Bd M and Int M will denote 
the boundary and interior of M. 
Suppose C is a tame simple closed curve in the interior of a solid torus S’ x D’. The 
algebraic index i. of C is the unique integer such that C is homotopic to 1. times the first 
factor of S’ x D* (we assume both curves to be oriented). The geometric index p of C is the 
least number of intersections that a curve ambient isotopic to C can have with the second 
factor. It is known that 1% 1 I p and 11 - 1. is even. 
93. THE THEOREM 
LEMMA. Sqyose f is a map of X onto Y and A c ,I’. lf f [f -‘( Y -f(A)) is a homeo- 
morphism then M(f) - kf( f 1 A) is homotopically eqlticalent to X - A. 
The proof is by deformation retraction along the fibers of the mapping cylinder. 
THEOREM. Srrppose G is a knot group and G is presented in tfle llslral manner: 
c = (x,. . . . , x,: r, = r2 = ... = rm = l}. 
Then for each triple of integers p, q and r betrveen 1 and n, there is an embedding of the dlmce 
hut D in S4 sucfz that n,(S’ - D) is presented by 
{x I,..‘, x “: r, = ... = rm = 1. xp =x4x,}. 
Proof. Let G = rr,(S’ - C) where C is a tame simple closed curve in S3. We suppose 
that the knot C has a presentation with respect to which it is divided into II arcs by its 
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undercrossing points, and that G is generated by xi, . . _, x, where _yj is represented by a 
simple closed curve which encircles once the jth arc. Let K be an unknotted simple closed 
curve in S3 - C such that K is in the equivalence class represented by the word xP-‘xq X, in 
the given presentation of G. K is also chosen so that K bounds a tame disk A in S3 such that 
A n C is exactly three points. 
Now let T be a polyhedral unknotted solid torus in S3. We write T = S’ x D’. Let h be a 
homeomorphism of S3 onto itself which takes C into Int T and takes A onto a meridinal disk 
of T (see Fig. 1). 
Choose arcs fi and I2 in S’ which meet in common endpoints such that the pair 
(I, x D’, (I, x 0’) n h(C)) 
is homeomorphic to 
(Z, x D’, {a, b, c> x 12) 
where a, b and c are three distinct points in Int D 2. Now C passes through A once in one 
direction and twice in the other. Therefore, since h(A) is a meridinal disk of T, h(C) has 
algebraic index one (with appropriate orientations) and geometric index one or three in T. 
Let B3 be a polyhedral 3-cell in S3 containing T in its interior. Let f be a piecewise 
linear map of B3 onto itself such that f(1, x 0’) is a point, f 1 (Bd B3) is the identity, 
fU2 x 0’) = S’ x (0) where 0 is the center point of D2, andfj(B’ - Int T) is a homeomor- 
phism. Then M(f) = B’ x 1. Let D’ = M(flh(C)). We consider D’ to be embedded in 
M(f)=B3xZcS3xZ~S4. Then (B3xZ, 0’) n (S3 x {t)) is homeomorphic to 
(B’, h(C)) if 0 < t < 1 and (B3 x Z, D’) n (S3 x {I}) is homeomorphic to (B3, S’ x (0)). By 
the lemma, (B3 x Z) - D’ is homotopically equivalent to B3 - h(C). 
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Let p be a point of Int B3 and let D” be the cone over C from the point (p. - 1). (Here 
we consider S3 x [ - 1, I] to be a product neighborhood of the equator in S”.) Then D” is 
a disk and D’ u D” = D is a dunce hat by the proof of Theorem 5 of [4]. As above 
(B3 x [- 1, 01) - D” 
deformation retracts to B3 - h(C). Therefore, B3 x [ - I, 1] - D ishomotopicallyequivalent 
to B3 - h(C) which is homotopically equivalent to S3 - C. Hence Van Kampen’s theorem 
immediately implies that 
rcI(S’- 0)=(x ,,...I x,:r, =...=r,,,= 1,x,-‘x,x,=1). 
Example 1 
&i. EXAMPLES 
Let C, be the twist knot in Fig. 2. The knot group of C, is generated by a, b, c, x and y 
with relations 
(1) u = xbx-‘, 
(2) x = byb-‘, 
(3) c = yxy-1, 
(4) y = cm-‘, and 
(5) b = ma-‘. 
Using (2) and (5) we eliminate the generators x and c. Hence we arrive at a presentation with 
generators a, y and b and relations 
(6) Q = byby-‘b-l, 
(7) a-’ ba = ybyb-‘y-l, and 
(8) Y = a -‘bab-‘a. 
Now (6) and (7) imply (8), hence xl(S3 - C,) has the following presentation: 
(9) {a, b, y: a = byby-‘b-l, a-‘ba = ybyb-‘y-l}. 
Now if we add to this presentation the relation 
(10) a = yb, 
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we obtain, by the theorem of the preceding section, a group which is the fundamental group 
of the complement of a dunce hat in S’. Using (10) to eliminate a from (9), we obtain the 
presentation 
(6, y: ,~b’y = byb, b-‘y-‘byb = ybyb-‘y-l). 
This is equivalent to 
(11) {b, y: yb*y = byb, by’b = yby). 
The latter presentation is obtained from the former by substituting yb’y for b)-b in 
b-‘y-‘(byb) = yb~~b-‘,r-‘. 
But the presentation (I 1) is a presentation of the binary icosahedral group and is well known 
to be non-trivial See [I] or [2]. 
Example 2 
The embedding of the dunce hat in Example I may be modified so as to be locally flat 
where it is locally a manifold. (The embedding of Example I is not locally flat at the cone 
point.) The modification uses the composition of the knot of Example 1 with itself. Let 
C2 be that knot. See Fig. 3, t = 0. Let B3 be a 3-cell in S3 containing C2 in its interior. 
t=o 
C, bounds a locally flat disk D2” in B3 x (-4, 01. The disk Dzy is shown by cross-sections 
in Fig. 3. By the methods of Fox [3], the fundamental group of B3 x [-4, 0] - D,” is 
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obtained from z1(B3 - C2) by adding the relations a’ = a, I” = _v. c’ = c and x’ = X. Thus 
n,(B3 x [-4, O] - Dl”) z rr,(LF - C,). 
Now we replace the disk D” in the previous construction by D,” and we obtain a dunce hat 
D2 in S’ with z,(S” - D2) z TC~(.S.’ - DI) where D, is the dunce hat of Example 1. 
The author has been informed that another counter-example to Zeeman’s conjecture 
has been obtained by S. Popov (Mach. Sbornik 89 (1972)323). 
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